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1 Introduction 

We assume that for h g]0; ho] the differential operators Ah = a{x, hD, h) 
are self-adjoint in L'^(]R'^) and the symbol a{x,^,h) = J2o<n<N h^o,nix, ^) is 
sufficiently regular. If G IR satisfies 

E < liminf ao{x,^) (1.1) 

and ho is small enough, then the spectrum of Ah is discrete in ] — oo; E] and 
it is natural to ask whether the counting function M'lAh, E) (i.e. the number 
of eigenvalues smaller than E counted with their multiplicities) satisfies the 
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semiclassical asymptotic formula 

U{Ah, E) = {2T:h)-'^CE + 0{h''-'^) as h^O, (1.2) 
where ii > and 

ce^ f dxdi = vol {{x, e IR^'' : 00(2^, < E}. (1.2') 

The most powerful approach of studying semiclassical asymptotics has its 
origin in the microlocal analysis of L. Hormander [12]. Since the first papers 
of J. Chazarain [7] and B. Helffer, D. Robert [10], this approach has been 
used in numerous works, cf. the monographs [9], [15], [21]. A basic result says 
that (1.2) holds with ^ = 1 if is not a critical value of Oq [i.e. aQ{x,^) = 
E =^ Vao(^iO 7^ 0] we refer to the papers T. Paul, A. Uribe [20] and 
M. Combescure, J. Ralston, D. Robert [8], giving more precise estimates in 
relation with the periodic orbits of the Hamiltonian flow of oq. 

In this paper we investigate the case when the critical set 

C%° = {{x, e IR"'^ : «o(x, O^E and Vao(x, ^ = 0} (1.3) 

is not empty and we consider elliptic operators with non-smooth coefficients. 
Below we enumerate different methods and works treating this problem. 

- The analysis of oscillatory integrals. If is a smooth manifold and the 
Hessian matrix of is transversely non- degenerate, then the semiclassical 
spectral asymptotics can be obtained from the analysis described in the paper 
of R. Brummelhuis, T. Paul, A. Uribe [2] . This approach was developed to 
study the contribution of periodic orbits under some geometrical assumptions 
on the flow (cf. D. Khuat-Duy [18], B. Camus [3, 4]) and recent results of 
B. Camus [5, 6] concern the case of a totally degenerate critical point of 
aQ. The oscillatory integrals being degenerate in the case of a degenerate 
Hessian matrix, the principal difficulty of this approach appears in suitable 
generalizations of the stationary phase method. 

- The multiscale analysis developed by V. Ivrii [15]. This method was ex- 
tended to treat elliptic operators with non-smooth coefficients in the paper 
V. Ivrii [17] (cf. also V. Ivrii [16] and M. Bronstein, V. Ivrii [1]). 

- The approximative spectral projector method of M. A. Shubin, V. A. 
Tulovskii [22] . The application of this method to our problem was described 
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in the monograph of S. Z. Levendorskii [19] and it gives remainder estimates 
involving the volume of suitable regions determined by ao in the phase space 
valid without any additional assumptions on the Hessian matrix of Qq. Af- 
ter the improvement of L. Hormander [13], for evry // < | one can find a 
constant > such that for h e]0; ho] one has 

Af{Ah,E) - {27rh)-''cE\ < C^h-'lZ'^iih^) (1.4) 

where 

7^g>(/^^) = vol{(x,0 e H^'^ : |ao(x,0 - E\ < W). 

- The method of integrations by parts used in [23, 26]. This method allowed 
us to show that the estimates (1.4) are still valid for ^ < 1. 

In this paper we show how to generalize the method of [26] to recover 
estimates with ji — 1. Our aim is to show that for every £ > it is possible 
to find a constant > such that for h e]0; h^] one has 



N{Ah,E) - (27r/i)-% < C,h-''nT°{h), (1.5) 



where 



7e^«o(/i) = /i+ sup vol{{x,i) eJR'^'^ : \ao{x,i) - E'\ <h}. 

Using a regularization procedure similarly as in [24, 26] we can show that 
these estimates are valid for elliptic operators with coefficients which have 
second order derivatives Holder continuous. 

It is easy to see that one can always find constants C, c > such that 

vol {{x, e H^'^ : \aoix, ^ - E'\ < h} < Ch" (1.6) 

and the asymptotic formula (1.2) holds with = 1 if additional properties 
of ao ensure the estimate (1.6) with c = 1 for £" e [£■ — h^~^; E + h^~^]. 

The main part of this paper is devoted to the proof of a microfocal trace 
formula in the region 

{{x,OeJR''': \Vao{x,0\>h'°} (1.7) 

where £]0;l/2[. This result allows us to derive the asymptotic formula 
(1.5) under the assumption that the Hessian matrix of ao is of rank > 2. 
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Indeed, it is easy to see (cf. Section 6) that the last assumption ensures the 
fact that the volume of 

{{x,0^^''- \Vao{x,^)\<h'°} (1.7') 

is o{h) if I — ^0 is small enough and the corresponding contribution can be 
included in the right hand side of (1.5) due to (1.6). The next paper [27] 
will present a trace formula in the region (1.7'), completing the proof of (1.5) 
without any hypotheses on the Hessian of Qq. 

Assume < ro < 1. We write a e C^"'"'"*'(IEl'^) if and only if the function 
a : M!^ — > C satisfies the following conditions 

G L°°(1R'') if \a\ < 2, (1.8) 

\d"a{x) -d"a{y)\<C\x-y\''° a \a\^2, x,y eWC^. (1.8') 

Let mo G IN and for 1^,9 e IN'', |p| < mo let a^^^p = Op,,, e Cl'^''°{JR^) be 
real- valued and such that 

E > coier™" {x,^eJR'') (1.9) 

holds for a certain constant Cq > 0. Let Ah be the quadratic form 

|i^|,|p|<mo 

where ip,^; E Co"'''(lR''), {hDy = {-ihy^\£^ and (-, ■) is the scalar product 
of L2(IR^). Due to (1.9), Ah is bounded fr om below and its closure defines a 
self-adjoint operator Ah- Usually Ah is expressed formally as 

Ah= E (hDf (a,Ax)(hDr) . (1.10') 

|i/|,|p|<mo 

Moreover we denote 

ao{x,0= E (1-11) 

|i^|,|p|<mo 

Then we have 
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Theorem 1.1 Let a^,p G C'^^''"{Ii'^) be such that (1.9) holds and let Ah be 
self-adjoint operators in L'^(JR'^) defined by (1.10). Let E E JR be such that 
(1.1) holds (with Qq given by (1.11)) and let hg > be small enough. 

a) If h e]0; ho] then the spectrum of Ah is discrete m ] — oo; E]. 

b) If the dimension d > 3, then for every £ > one can find a constant 
Cs > such that (1.5) holds for h e]0; ho\. 

In this paper we show 

Theorem 1.2 Let Ah, ao (^n-d E satisfy the assumptions of Theorem 1.1. 
Assume moreover that the rank of the Hessian matrix of is greater or 
equal 2 at every point of the critical set . // the dimension d > 2, then 
for every £ > one can find a constant > such that (1.5) holds for 
he]0; ho]. 

The proof of Theorem 1.2 presented in this paper will be used in [27] to 
derive Theorem 1.1. 

Remark. More general behaviour of coefficients can be considered for x such 
that ao{x,^) > Eq > E holds for all ^ E WV^. In particular we have assumed 
that the coefficients bounded for sake of simplicity, but the same 

results hold for tempered variations models (cf. B. Helffer, D. Robert [11]). 
us 

Plan of the proof. We begin Section 2 by a description of the regularization of 
non-smooth coefficients. It allows us to define the operators Ph with smooth 
coefficients and Theorems 1.1, 1.2, can be deduced from a suitable microfocal 
trace formula for Ph- The proof of the trace formula is based on the analysis 
of the evolution group exp{itPh/h) and its approximation is described in 
Section 3. 

At the beginning of Section 4 we apply the integration by parts to check the 
correct trace asymptotics of the approximation constructed in Section 3. It 
remains to control the difference between cxp{itPh/h) and its approximation. 
Our reasoning is devided in two steps. In Section 4 we observe that for every 
£ > one can obtain suitable estimates ior \t\ < h^ similarly as in [26]. In 
Section 5 we use a property of the wave front propagation to show that the 
contribution of the region (1.7) is negligible if \t\ > h^ and e + Sq < ^. In 
Section 6 we complete the proof estimating the volume of the region (1.7'). 
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2 Regularized problem 



2.1 Description of smooth operators 

We assume < 5o < |. Let 7 e C^(IR'') be such that J^{x)dx = 1 

and / x°'^{x) dx — Q for a & IN"^ satisfying 1 < |q;| < 2. We introduce 
/i-dependent regularization of coefficients 

au,u,h{x) = I , a,,,{y)l{h'''{x - y)) /i"'^^" dy (2.1) 

and define formally self-adjoint differential operators 

P±= {hDr{a,M^){hDy) ±h{I-h'Ar°. (2.2) 

|!^|,|p|<mo 

We write in the standard form 

Ph= E PU^KhDY (2.3) 

\i'\<2mo 

and we use the standard notation Pj^ = p^(x, hD) with 

E (2.4) 

j^|<2mo 

In Section 7 we check the following properties : 

Lemma 2.1 Let Qq, be as in Theorem 1.1 and P^, as above. 

(a) The estimates 

\d^d^^pU^,0\ < C«,^(l + /i(^+'-°-H)^°)(l + |e|)^-°-l^l (2.5) 

hold for every a,(3 E IN'^ and 

|9:af(ao-p^)(a;,OI <^^a,M/i + /i('+'^°-l"l^'°)(l + iei)'"^°-l^' (2.6) 
/lo/o? if \a\ < 2. 

(b) Let ho > be small enough and consider h g]0; ho]. Then Af^ and the 
self-adjoint realizations of P^ have discrete spectrum in] —00; E]. Moreover 
the inequalities 

Ph <Ak< P^ (2.7) 
hold in the sense of quadratic forms (for h e]0; ho]). 
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We deduce (1.5) from suitable asymptotics for P^f , observing that (2.7) and 
the min-max principle ensure M{P^ , E) < J\f{Ah, E) < J\f{Pi^, E). Further 
on we write Ph and ph instead of P^ and p^. 

2.2 Microlocalisation 

Assume that F/j C IR^'^ for h g]0; ho] and denote F = (F/i)/ig]o; Hq]- 
For m e IR and 5, 5i G [0; 1[ satisfying 6 + 6i < 1 we define '^^^^^(F) writing 
b e S^g_^{r) if and only if 6 = {bh)he]0;ho] is a family of smooth functions 
bh ■ H^*^ C such that the estimates 

sup |a^"af6;,(a;,OI <C„,^/i~™"'"""'^"^ (2.8) 

hold for all a,Pe IN'^. In the case S = Si we abbreviate S^sO^) = 5f (F). 
If b = {bh)he]0; ho] e ^5^5,(21''') (i.e. F^ = IR^^ for all h), then writing 

{Bf,cp){x) = {2nh)-' I Me'^^Hn{x,i) [ dy e-'y^/^ip{y) 

for v? e C^iJR'^), we define the operators Bh = bh{x,hD) e B{L'^{]R'^)) 
satisfying \\bh{x, hD)\\ < Ch~"^ [where || • || is the norm of the algebra of 
bounded operators B{L^{JR'^))]. 

Let : IR — > {0, 1} be the characteristic function of the interval Z C IR. 
Then lz{Ph) denotes the spectral projector of Ph on Z and 

X{PH,E)=tT l]^oo;E]iPh)- 

For a given to > we consider a standard mollifying of Iz using a real valued 
pair function 70 G C^([— to/2; to/2]) and 71 = 70*70 such that 7i(0) = 1. 
The inverse /i- Fourier transform of 71 , given by the formula 

7^(0 = (27r/i)-i / dt 7i(i)e'*^/'^ for C e C, (2.9) 

defines a family of holomorphic functions satisfying /]R7/i(A)(iA = 71 (0) = 1 
and 7/j(A) > for A G M. We denote 

/f(C)= / dA7.(C-A) (2.90 
Jz 

and in Section 7 we show the following result: 
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Lemma 2.2 In order to show the asym,ptotic formula (1.5) it is sufficient to 
fix c> and to prove that for every I E SQg^{]R^'^) satisfying 



supp Ih C {v e JR^'^ : \aQ{v) - E\ < c} 
one has the estimates 

dv 



(2.10) 



tr/,^(P,)L, 



f^(pu(v))h(v) 



<C,h-' Y: T^'Cih), (2.11) 



i<i<2 



where Lh = lh{x, hD), ph = Re ph, Z — [Ei, £^2] G [E — c; E + c] and the 
constant Ce is independent of Ei, E2. 



2.3 Partition of the phase space 

Further on C", c > are constants and we denote 

V{Ch^°) ^{ve M^'^ : |Vao(^;)| < C/i^"}, (2.12) 

f (c/i-^") = {ve IR^'^ : |Vao(v)| > ch^°]. (2.12') 

Using (1.1) we can find Fq being a compact subset of WC'^ such that 

{v e WC^ : \ao(v) - E\ < 2c} C Tq, (2.13) 

where the constant c > is fixed small enough. We will consider (2.11) with 
lh^lh + k, where 

supp ih C T{Ch^°) n Fo, supp k C f (c/i^°) n To (2.14) 

and moreover we introduce an auxiliary cut-off function I e C^(IR'^) such 
that Z = 1 on Fq. Further on we denote 

Lh = kix, hD), Ln = 4(x, hD), (2.15) 

where /, / above. Then we have \\Lh{I — -^h)||tr = 0{h°°), where 

1 1 • I |tr denotes the trace class norm, 0{h'^) means that 0{h^) holds for every 
m e IR and L]^ denotes the adjoint of in L^(IR'^). Using moreover the 
trace cyclicity we obtain 

tvLj^iPn) = trLj^{Pn)Ll+0{h^) 
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and further on we keep the auxihary cut-off to be sure that our analysis 
always concern operators of the trace class. We introduce 

f^{t) ^ [ dX e-*V'^/^(A) = ^,(t) f dX e-^*V^ (2.I6) 

Then hW = iM^fhit)^'^'^ and consequently 

r df 

trLMP,)Ll = j^—^f^{t)i,U^'P-I^Ll. (2.17) 

We will prove 

Proposition 2.3 Assume that to,K > are small enough, £ > and Lh, 
Lh are given by (2.15). Then for every TV e INT one can find the operators 
Q%{t) e B{L'^{JR'^)) such that 

sup I tr {Q%{t) - Lh(^'^^/^)Ll I < Ci^h^"-^'^-^ (2.18) 

-to<t<to 

and one has the estimates 

dt „7 . [ dv 
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KC^h-" T^eTW, (2.19) 

1<J<2 

where ph = Re ph, Z = [Ei; E2] G [E — c; E + c] and is independent of 
El, E2. 

Using Proposition 2.3 we find that (2.11) holds if lh. Lh are replaced by lh, 
Lh- Indeed, we have |//f(t)| < C|7i(t)| and supp 71 C [— tqj ^o], hence we 
can replace Lhe'^^^/h Qj^^^(^t) in (2.17) with an error 0(h^'^ ^'^ ^). 

The construction of Q%(t) is presented in Section 3 and Proposition 2.3 is 
proved in Sections 4-5. At the end of this section we introduce classes of 
symbols describing properties of lh and lh- 

2.4 Claisses of symbols 5"^) 

Further on 60, Fq are fixed as before, we fix C* > 1, we denote 

f;, = r{Ch^°), Th = IR^'' \ f,, = r{Ch^°) (2.20) 
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and we write f = (th)he]0; ho], f = (th)he]0; h^]- 

For m G ]R we define writing b G S^^^ if and only if 6 = {bfi)he]0; ho] ^ 
S^Soi^) n Sr^{t) and supp6 C Tq (i.e. supp6;, C Tq for every h g]0; /iq])- 

Lemma 2.4 Le^ Z G S^g^ satisfy supp/ C Fq. Then there exist 1,1 G -S'^q) 
suc/i ^/la^ Z = i + supp I C supp Z anc? (2.14) holds if c> is small enough. 

Proof. Let Xo e C^p^d - 1; 1[) satisfy < Xo < 1 and Xo = 1 on [-|; i]. 
We define x e ^^^ro) setting Xft(^;) = U\/3\=iXo{d^Ph{'^) ' '2d/h^°). Since 

Vp,(a;,0 = Vao(a;,0 + o{h'^){l + ICr'"") (2.21) 

due to (2.6) and is real valued, (2.21) still holds if wc replace ph by Ph. 
However Xh{v) ^ implies \d^Ph{v) \ • 'Id/h^'-^ < 1 if |/?| = 1, hence we have 
|Vao(f)| < /i^"(l + o(l)) if moreover v G Fq. Therefore setting I = Ix we 
obtain supp Ih C r(C'/i'^") if (7 > 1 and consequently / G S'^^q-^. 

Next we define I = I — 1 E S^^y If f G supp [, then Xh{v) 7^ 1 and \d^Ph{v) \ ■ 
2d/h^° > 1/2 holds for a certain (3 G IR^'* with \I3\ = 1, hence \Vph{v)\ > 
h^°/{Ad'^). Therefore supp Xh C V{ch^°) holds if c < 1/(4^2). A. 

3 Approximation of the evolution 

3.1 Preliminaries 

We write Ph — Re Ph and we consider an approximation of L^e'*^''/'^ in the 
form 

Q%{t) = (e^'f-/^ E 1^''<fN,n,hY^^hD), (3.1) 

0<n<Ar 

where will be described in Proposition 3.3. We introduce formally 

Q%{t)^iQ%{t)-iQ%{t)Pt,/h (3.2) 

and require Q^(0) = L/j, which allows us to express 

Q%{t) - L.e^*^"/'^ = /* dr Q%{t - T)e-^'>/^ (3.3) 
Jo 



10 



To investigate (3.2) in terms of symbols we introduce the notation 

(3.4) 

if {bhit))he]0;ho]&SJ^^iorteJR. 

3.2 Classes of symbols S}^^^ for AT e IN 

We use the induction with respect to A?" e IN in the following definition: 

i) if = then S"^-j = SJq-j was defined at the end of Section 2 ; 

ii) we write {bh)he]0;ho] e '5'[^+i) if and only if 

bhix, = bo,hix, + E h-'%,hix, Od^Phix, (3.5) 



holds with some (6/3,/i)/ig]o; feo] ^ ^(n) 1^ ^ ^^"^ satisfying \f3\ < 1. 

It is clear that 5*^^ C S^^^^"^. Moreover b e 5'^^) if and only if one can 

write 

b{x:0= E 6M^,e)/^-l^l/'(Vp(a;,0)^ (3.6) 

with some symbols 6^ G S^q^, where Vp(x, ^) e M^'' and 

(ti,...,i„)("i'-'"")- n for (ii,...,t„)eIR", («!,...,«„) e IN". 

i<i<" 

Using this characterization we find 

b e b G 5o*,„(ro) ^ 6& G ^l^-J'^, (3.7) 

6g5[^), 6g5[^)^66g5-+%. (3.8) 

Lemma 3.1 (a) If be ^[^) t/ien (9"6 G S;^"^'"'^^ /or etier?/ a G IN^*^. 
(b) IfbeS^j,^^^ then d^^b e S"^^]'/' fork e{l,...,d}. 

Proof (a) The general statement follows by induction with respect to \a\ 
and we consider only the case |a;| = 1. It is clear that the assertion holds 
for iV = and reasoning by induction we assume that the assertion holds 
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for a given G IN. Let b G 5'(^_,_j^-). Then (3.5) holds with 6^ G S^^, hence 
G if \a\ = 1. Due to (2.5) we have d^+f^p G ^o,5o(To) and writing 

a"(6;3 /i-i/^a^p) = bp h-^/^d^'+^p + d^hp h-'/^d^p G 5j;++Y^ (3-9) 

we obtain the assertion of Lemma 3.1(a) for + 1. 

(b) We will show that for k G {1, d}, \a\ = 1 and A'" G IN we have 

6g5[^) ^ d^,b d^p e Sj;^^y (3.lO(Ar)) 
To begin we consider = 0. Since d'^p G Sq^^^ (Fq) , we have 

& G ^ %6 G 5o\(f ) ^ d-p e S^soin (3-11) 
It is easy to check that G Sg^^°{r n Fq) and consequently 

b G %6 G ^^'"(r) ^ e ^^^(r). (3.12) 

However (3.11) and (3.12) imply d^^b d'^p G i.e. (3.10(0)) holds. 
Reasoning by induction we assume that (3.10(A^)) holds for a given A?" G IN. 
If 6 G >S'(^_,_j^) is given by (3.5), then 

bp G => d^^d^p bp G ^ 6^ G 5^+1). (3.13) 

Moreover the induction hypothesis ensures 

bp G S^^^ =^ d^,bp cTp G ^ d^,bp d^p h-'I'd^p G ^^^V+i). (3.14) 

Summing up (3.13) and (3.14) we obtain d^^{bp h~^/'^d^p)d°-p G S'^_^-^-^, which 
completes the proof of (3.10(A^ + l))• 
If 6 G is given by (3.5) with bp G S]^^y then d^^bpd^^p G Sl%-^ is 
ensured by (3.10(A^)) and we obtain the assertion of Lemma 3.1(b) writing 
(3.9) with % instead of 9". A 

3.3 Construction of the approximation 

We define auxiliary classes of symbols Sjj^-^ C S"l^^ for A^ G IN \ {0} as 
follows: we write b G SJj^^^ if and only if it is possible to find bj G SJj^_i-^, 
j G {0, 1, d}, such that b = bo + Ei<j<d h'^^'^bjd^.p. 
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Lemma 3.2 Let b be independent oft. IfbG then 

('PNm= E t'^bn (3.15) 
0<n<Ar 

holds with bo e 5(™ ) C S^^^^^ and 6„ e ^(Vn+i) for n e {1, N}. 
Proof. To begin we show that bo e S'^^) . We observe that 

bo^ih-\p-p)b+ E (3-16) 

l<|a|<Af 

and since Ph{x, hD) is self- adjoint, using (2.5) we obtain 

|a| < 1 ^ a"(p - p) = 2^ Im a> e 5'o;]„(ro). (3.17) 

We observe that the first term of the expresion (3.16) belongs to S'^^^ due 
to (3.17) with q; = 0. Then b e S"^^ => bd^.p e -Sj^+Y)^ and using (3.17) 
with \a\ = 1 we obtain bd^cjP G S^^(y Therefore Lemma 3.1(b) ensures 

d^jibdxjP) G S'^(N)^ terms of (3.16) with \a\ = 1 belong S'l^y 

In the next step we consider the terms of (3.16) with \a\ > 2. 
Since (2.5) ensures \a \>2=^d^pe -Sjg-')^°(ro), we obtain 

b e 3"^^]^^"^-'^'° h^'^^-'d^ib d^) e 5H^I+l+l«l/2+-+(|a|-2)5o 

due to Lemma 3.1(a) and m + {\a\ — 2){6o — |) < m gives bo G -S'^^^. 
In order to show 6„ e S^_^_^_^_-^^ for n e {2, N} we write 

bn= E /^'"'"'"'^^AMv^p)^a|(6^), 

/3|<n<|a|<JV 
/3+/3<a 

where b^^^ e '^'"^^^(ro) for P,P E IN*^. More precisely: in the case < n, 
bp p is a linear combination of terms Ili<k<n-\i3\d'^^^'' P where a{k) e IN'' are 
such that \a{k)\ > 2 for /c e {1, ...,n— and (3 + P + J2i<k<n-\/3\ Oi{k) — a, 
implying 

|«| > \P\ + 1^1 + 2(n - m = 2n+ \P\ - (3.18) 
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In the case \j3\ = n the symbols 6,3 g are constant and (3.18) still holds. 
Consider first the case > 2. Then using Lemma 3.1(a) we find 

and (3.18) ensures 

1 - 2(5o + (2n + \^\ - \(5\)/2 + \a\{5^ - 1) < {\a\ - 2)(5o - 1/2) < 0, (3.20) 

i.e. all terms corresponding to |q;| > 2 belong to S'^_^^^ C S'^pfj^^j^iy 
To complete the proof we observe that in the case n = |q;| = 1 we have 



Proposition 3.3 Let I e S'^q^ and iV e IN. Assume that N e {0, 1, A^}. 

Then we can find 

QN,N{i)= E i'^'lkn (3.21(iV)) 



0<n<Ar 



such that o = I, q^^^^ e Sf^^ 

g^,„e^(% for ne{2,...,N} (3.22(iV)) 

and 

VMN,Nit)= E ^"?~^,iV,n (3.23(iV)) 

Ar<n<Af+Af 

holds with 

rN,N,n e Sl+1) for n e {TV, N + TV}. (3.24(7V)) 

Proof. If iV = then we take = / G S^q-^ and Lemma 3.2 with h = I 
ensures (3.23(0)) and (3.24(0)). Next we assume that the statement of Propo- 
sition 3.3 holds for a given < iV — 1 and using the induction hypothesis 
(3.23(A^)) to express 'PnQn,n{^) we find 

VMN,N+l{t) = 'PN{t''^\°N,N+l)+'PNqN,N{t) = 

((TV + l)q%^^^, + rN,N,N) + t^'^'-Pm^W it) + E ^'^ rN,N,n- 

N+l<n<N+N 
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To obtain (3.23(A^ + 1)) we cancel the term with taking 



'l°N,N+l = -?^,iV,iv/(^ + l)> 

which is an element of •S'^jy^j^^-) by the induction hypothesis (3.24(iV)) and 
(3.24(iV + 1)) follows if we develop t^^^Vj^q]^ J^_^^-^^{t) as in Lemma 3.2 with 
^ = 9°N,N+i ^ ^(N+i)- Moreover for = we have q"^^^ = -q^QQ G ^g^) (due 
to Lemma 3.2 with b = I). A 

4 Quality of the approximation 

This section is devoted to the proof of Proposition 2.3. To begin we intro- 
duce more notations. We write q £ 5"^) if and only if ^ = iQh)he]0;ho] with 
qh e C°°(IR^'^) satisfying the estimates 

\d"qh{x,^,y)\<C^h-^-^^^'° (4.1) 
for every a e IN^"' and supp^/j C Fq x JR'^. As before ph — Re Ph and writing 
(Oplmix) = j^^^ S^-y)^/h^itPni^,0/Hq^^^^ ^)^(^) (4.2) 

for {p e C^(1R'^) we define operators on L^(1R'^) such that 

qe~S^,^^ sup \\OvMVr< Ch-^-"'. (4.3) 

-tQ<t<tQ 

Indeed, (4.3) follows from standard estimates of pseudo-differential operators 
(e.g. [14, Sec. 18]), the details are given in the proof of (4.4) in [24]. 
We observe that 

and for 6^ e C^(m.^) we introduce the notation 
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Using this notation and Q%{t)Ll = j:o<k<Nt^Op'l[q^^^{x,^)l{y,^)] with 
/ = 1 on supp f^, we find the expression 

trQUtyLl = Y: t'JtiQh)- (4-6) 

o<fe<Ar 

Lemma 4.1 Let n e IN. (a) If be then 

t-J^b) = Y: t'Jl(bu,n) (4.7(n)) 

0<fc<n 

holds with some bk,n e 5'(™ax{o,Ar-n}) for k e {0, . . . ,n}. 

(b) Ifb e N>1, then (4.7(n)) holds with bk,n e 5(T,,,|o,Ar_„}) ■ 

Proof, (a) Reasoning by induction wc assume that the statement holds for 
a given iV e IN. In order to show that the statement still holds for + 1 
instead of N we consider b e S^_^_iy Then (3.5) holds with bp e S'(%^ and 
t'^J^{bo) can be expressed in a suitable way due to the induction hypothesis. 
Then the integration by parts gives 

tJ^{h-^'^d^p bp) = Jl^{bp) with bp = h^'Hd^bp (4.8) 

and Lemma 3.1(a) ensures feg G i.e. (4.8) implies (4.7(1)). Reasoning 

by induction with respect to n G IN we obtain (4.7(n)). 
(b) If b e ^(™+,), = then bp e S^^^ ^bp- hyHd% G 5(™ 
due to Lemma 3.1(b). Thus (4.8) gives rJ/^(6) = f'J^ibo) +t''-'^J^{b) with 
bo G -S"^), b G S'(^_-^^ and we complete the proof using the assertion a) with 

bo, b instead of 6. A 

Proof of (2.19). Writing the terms f'-^J^iq^^^) with A; G {2, ...,iV} as 

described in Lemma 4.1(b) (for N — n — k — 1 and b — q^ G S^f.)), we can 
express (4.6) in the form 

tr Q%{t)Ll =J^{k)+ Y: t'Jt{b^,k) (4.9) 

l<k<N 

with some bj^j^j. G S^^y Changing the order of integrals we find 

dt „7 , ^ ,u ,r ^ r dv 
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It remains to consider the terms of (4.9) with k e {1, N} and to estimate 

L ih i^vn^j^,,) = b,,^v)rvi}irif^f, (4.10) 

However A; > 1 ^ h^ifhY'^H^) = - 7? "'\^) and wc have 

|7f'"^H^)| < Ck,N{l + |A|)-^ for every A G H, iV e IN, hence (4.10) can be 
estimated by 

where we can choose C > 1 such that sup^^p^ \ao{v) — Ph{v)\ < \Ch. 
It is clear that the region {v e IR^*^ : |p/i(f) — Ej\ > ^h^"^} gives a contribu- 
tion 0{h^^'~'^) and it remains to consider the regions 

= {ve "R^^ : C(n - l/2)h < Ph{v) - < C{n + l/2)h}, (4.11) 

where n e Z is such that |n| < h"^ /{2C). However 

C f^f = {ve IR^'^ : C{n - l)h < aoiv) - Ej < C{n + l)h} 

and to complete the proof we observe that 

E / .Ji + l^-(-)-^^iy^ (s+t^) sup voirM 

can be estimated by Ce7^^J°(/^). A 
Our proof of (2.18) will use 

Proposition 4.2 Let 5o + ^ < /i < 1 and < k, < min{/x — 5o — ^, ^^}- 

Then 

sup \tT{Q%{t)-Lhe''''^/^)Ll\ < Cj^h^^-^''-\ (4.12) 
{teiR: \t\<h^-t'} 
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To begin we describe the form of Q')^{t). Since P = P* = p{x, hD)*, we have 



and the standard Taylor's development of ^) in x, followed by integrations 
by parts based on (x — 7/)"e*(^~^^^/'^ = (— i/i)l"l5|*(e*(^~^)^/'*), gives 

Q%{t) = Op1[{VMN,N){t,x,0+rff{t,x,^,y)] (4.13) 

with 

rN,h(t, X, e, y) = h-'e-''^^^^'^y'^(N + 1) £ da (1 - aff^^,^^(t, x, ^, y), 

^N,a,h{'tj X, ^, y) — 

^^^5^((miv,.We^*^''/'^)(x,0 d-^pn{x + a{y - xU)). (4.14) 

We describe the properties of Vfiit) introducing new classes of symbols. 
We define ^;\jv) for AT e IN setting = S"^-^ and writing h e S"^\n+i) if 

and only if 

hh{x, e, y) = bo,h{x, e, 2/) + E h,h{^, 2/)/i-'^/'a^P/.(a;, (4.15) 

l/3|=l 

holds with some bp e ^^^^j^^ for /3 e IN^'^ satisfying < 1. Then 

(TV) ^ '^/i, (N) y^.VQ) 

and we adopt the following convention: every (&/i)/je]0; /lo] ^ '^'(jv) identified 
with (x, ^,y) ^ bh{x,^) defining an element of S^^^j^y 

To deduce (4.12) using (3.3) we consider t — h^'H, r = h^'^^f and 
V = {(f, f) e ([-to; to] \ {0})^ : < f/i < 1}. We denote = e'^^/'^" and 
we observe that (4.12) follows from 



sup 



tr (QAr(^)t^f ^4=/.i-.(t-f) ^ C^h^^-''-\ (4.17) 
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However using the form of q'iv,jv(^) (4-14) we obtain the expressions of the 
form considered in the proof of Lemma 3.2 and applying (3.19), (3.20) with 
|q;| = TV + 1 we find r^{t) = E'=o with 

^ ^-(iV+l)(l/2-5o) ^ ^-(N+l){n-l/2-So) 
^N,n '^l,(2iV+l) '^n, (2N+1) \^-^^) 

[the inclusion follows from (4.16)]. Due to (3.23(iV)) we have 

t^h'-H ^ {Vf,qf,,f,){t)^ Y: i-4%,n (4-19) 

iV<n<2Ar 

Wltn gjv,7V,n,/i - lN,N,n,h DelOUgmg to (^_^^) C . 

Combining (4.18) and (4.19) we find the expression 

t = h'-n =^ Q%{t) = E OPt [ (1 - ^/i T 41 ], (4.20) 

0<n<2Ar 

with e ^^^n+i) similarly as in the formula (4.14) of [26] and following 
[26] we denote 

4,(6, Y) = tr (Op,^[6]^'n?.),^,._,(,_,) (4.21) 

if b e and Y = (ny )e]o;/.o] XV C i?(L2(lR'^)). Due to (4.20) the 

estimate (4.17) follows from 

sup |tV^,(6(f^,L*)| < Cj^h''^-''-\ (4.22) 

Next we observe that the properties of operators Ph given in Lemma 2.1 
allow us to follow the reasoning of Sections 5-6 in [26]. More precisely: let 
Tj = h'^/'^-'^Xj, T_j = h^'/'^d^j, P±j = [ih-^'P, T±j] for j e {1, d} and write 
5 e if and only if B = (bh{x,hD))h(,]o, ho] holds with (bu)he]0; ho] e S^^. 
Using n > 6o + ^ > 26o it is easy to check that for every B G we have 
[B,T±j] e "^So aiid [B,P±j] e ^^i" with K > 0. Thus it is easy to check that 
using T±j, P±j as above and "if^^ instead of in the definition of 3^, we can 
follow the reasoning of the proof of Proposition 4.2 of [26] and we obtain 
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Proposition 4.3 Let K = K{N, n) e IN 6e large enough. Then one can 

write 

i^'JlMy^*)- E JUKn.Yk,n) for {lf)eV, (4.23) 

l<k<K 

where bk,n e S^i^^" (for k e {1, K}) and Yk,n = {Yif,n,k){h,i,f)e]Q; ho]xV « 
bounded subset of B{L'^(5R'^)) (for k e {1, K}). 

Proof of Proposition 4.2. We observe that (4.22) follows from Proposition 
4.3 similarly as in [26]. Indeed, using the expression (4.23) it suffices to write 

where we used (4.3) with q = bk^n ^ ^(if'^ ^ ^{o)~^'^- ^ 
To complete the proof of Proposition 2.3 it remains to use 
Proposition 4.4 If iJi> 5q + \ then 

sup \tiLhe'^^'''^Ll\ ^ Oih"^), (4.24) 

{teM: h^-f^<\t\<to} 

sup \trQ%{t)Ll\ = 0{h°°). (4.25) 

{teK: h^-i^<\t\<to} 

5 Proof of Proposition 4.4 

Proof of (4.25). Let k be as in Proposition 4.2 and 

b = {bh)he]0; ho] e '^^^(IR'') with supp b^ C f (c/i^°) n To. (5.1) 
We will show that 

sup \Jl'{b)\ = 0{h''^-'^) (5.2(n)) 

holds for every n G IN, which ensures (4.25) due to (4.6). 

Reasoning by induction we assume that the assertion holds for a given n G IN. 

Using the cut-off functions from the proof of Lemma 2.4, it is easy to see 
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that the assumptions (5.1) ensure the existence of bfs E 5'^(]R^'^) such that 
b = J2\i3\=i bj3h^^"d'^p and supp bp C supp b. The integration by parts gives 

Jt(b) = E t-'4{h'-Sd%). (5.3) 

l/3|=l 

The induction hypothesis apphed to h^-^<'d% e ,S^+^'^°~^(IR^'^) ensures 

h'-" < \t\ <to ^ \r'j^{h}-^''d^bf})\ < c/i-{i-^^)+"«-"»-2^o+i_ (5 4) 
Since ji — 25q > ji — 5q — \> K,\t\s clear that (5.3-4) imply (5.2(n+ 1)). A 
Let d^: WC'^ IR^'^ be the Hamiltonian flow of ph, i-e. t d^{v) satisfles 

/ n 

where J - 



— /iRd 



Lemma 5.1 Assume that to> Q is small enough. Then 

-to<t<to^ \d'l{v) -v\> \tWph{v)\/2. (5.5) 

Proof. Set M^{v) = Jq ds JVdph{v + s{^'l{v) - v)). Then 

JVphi^liv)) - JVphiv) = M^{v){^{v) - v) (5.6) 

and j^0^{v)-v) = M!^{v){^^{v)-v)+JVph{v). Therefore introducing the 
solution of the linear homogeneous system 

iRliv) = M^{v)RlM Rl{v)\t=r = / 

we obtain '^^{v) — v — jQdTR'l.j.{v)J"Vph{v), which ensures 

-1 < t < 1 =^ \^'l{v) -v\< Ci\tVph{v)\. (5.7) 

Using J^dr i^^M -V- TjVphiv)) = J^dr J{yph{^1{v)) - Vph{v)) 
and (5.6) we obtain 

\d1{v)-v-tJVph{v)\ < f'dT\M^{v)\\^'^{v)-v\. (5.8) 

Jo 
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Using (5.7) to estimate the right hand side of (5.8) we obtain 

-l<t<l^ l^'liv) -V- tJVph{v)\ < C2t'\JVph{v)\. (5.9) 

Writing \d^{v) -v\> \tJVph{v) \ - \^^l{v) - v - tJVph{v)\ and using (5.9) 
we obtain (5.5) if \t\ < min{l, 1/(2^2)}. A 

For h g]0; /iq] let Vth be a set of parameters. We say that the family 
{K,h){uj,h)e^h><\0\ ho] is bounded in Sf'{T) if and only if the estimates 

sup sup |a"&^,ft(v)| < Ca/i-"^-l°l^ (5.10) 

hold for all a e IN^'^. 

Lemma 5.2 Assume that ije 5'^(1R^'^) satisfy 

dist( supp Ih, supp (1 — Ih)) > h^- (5-11) 

Let Lh = !h{x, hD) and Lh{t) = {lhO^'l){x, hD). Then 

- Ln{t))^'''^'nn\\ = 0{h^). (5.12) 

Proof. We observe that for a € IN^'' such that \a\ < 1, the matrix elements 
of {d"d^)(^t,h)<^[_to;to]x]0;ho] are bounded families in S^^(To) and it is easy to 
check that for every I e S^{1R^^), the family {lh°^t){t,h)e[-to;to]x]0;ho] is 
bounded in 5'^(ro). Then the properties of operators Ph given in Lemma 2.1 
allow us to follow the proof of Lemma 5.1 and Proposition 5.2 of [24] with 
\t\ < to instead of \t\ < 2/i'^o. A 

Proof of (4.24). We can consider a family of balls {B(vn,h: h^)}ne{i,...,N{h)} 
covering supp / C f (c/i''«) n Tq with Vn,h e f (c/;,^«) n To for n E {1, N(h)} 
and N{h) < Ch~'^'^^. Using a suitable partition of unity we decompose 

k = k,h with supp in,h C B{Vn^h: h^): 

l<n<N{h) 

where iin,h)(n,h)e{i,...,N(h)}x]0;ho] is bounded in 5'^(]R^'^). 
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Let {ln,h)(n,h)e{i,...,N(h)}x]0; ho], iln,h) {n,h)e{i,...,N{h)}x]0; ho] be bounded in 5*° (IR^'^) 
and such that supp ln,h C B{vn,h, 2/i''), supp ln,h C B{vn,h, ^h^)- Using the 
trace cychcity and assuming ln,h = 1 on B{vn,h, h^) we find 

l<n<N{h) 

= ^ tre^*^''/'^L„,,L*L„,, + 0(/i~), (5.13) 

l<n<N(h) 

where we have denoted L„ = lnfi{x, hD) and Ln^h = hi,h{'X-: hD). 
We assume /„ = 1 on B{vn^h, 3/i^) and introduce Ln^h{t) = {ln^h°^^){x, hD). 
Since the assertion of Lemma 5.2 still holds with /j and l^^h instead of Ih 
and Ihi (5.13) can be written as 

^ tr L,,,h{ty'''^"'Lr,,hLlLn,h + 0(/i°°). (5.14) 

l<n<N(h) 

To complete the proof it suffices to check that 

h}-" < \t\ < to ^ supp ln,h n supp {ln,h0^t) = ^ (5-15) 

holds for a certain 5 G [0; l/2[. Indeed, (5.15) ensures ||L„_/jL„^/i(t)|| = 
0{h°°) and (5.14) is 0{h°°) due to the trace cyclicity. 
To obtain (5.15) we observe that 

supp {ln,hOd'l) C dtt{B{Vn,hAh')) C B{dtt{Vn,h),C^h') 
dist( supp ln,h, supp (/„,/,0^f ) ) > \d\{Vn,h) - Vn,h\ " (1 + Co)h^ . (5.16) 

Since Vn,/i G t{ch^°) nFo =^ \S/ph{vn,h)\ > ch^° /2, Lemma 5.1 ensures 

h^-'' < \t\ < to ^ W\{Vn,h) - > \tVph{Vn,h)\/2 > ch^~''+'°/A 

and (5.16) implies (5.15) if we take (5 e]l - /x + Sq; 1/2[. A 
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6 End of the proof of Theorem 1.2 



Since (Pao is continuous, we can assume that c > is small enough to ensure 

V e C%°{c) =^ i:ank{(fao{v)) > 2, (6.1) 

where 

C»o(c) ^{ve M^'^ : \ao{v) - E\ + \Vao{v)\ < 2c}. 
Until now we have proved 

^^^'^™^'^-L72^^'^«'^(^) 



<ah-' Y: nT;{h) (6.2) 

i<i<2 



iR2d (27r/i) 

and we can deduce Theorem 1.2 from Lemma 2.2 if we show 

Proposition 6.1 Let I be as in Lemma 2.2, I as in Lemma 2.4 and — 
lh{x,hD). //(6.1) holds and 

\ (l - iW^) < ^0 < i (6.3) 

then 

tvLJ^iP,) = o{h'-'), (6.4) 

The proof of Proposition 6.1 uses the following trace norm estimate 
Lemma 6.2 Let Lh = Ihix, hD) with I E Sg^(JR'^'^) and denote 

Fh = supp ih + B{0, h^°) ^{ve M^'^ : dist(v, supp 4) < }. (6.6) 
Then ||L^||tr < C/i-'^volT;,. 

Proof. Let Bh = bh{x,hD) with b e 5^^(11^'^). It is well known (cf. e.g. 
[21]) that the Hilbert-Schmidt norm 

||i?/»||HS = (2^)"'(/^,, Mv)\'h-''dvY' < C/i-'^/2^vol[supp6,])^/^ 

We can assume 6^ = 1 on supp 4 and supp 6^ C F/j. Therefore we have 
\\Lh(I — Bfi)\\tj. — 0{h°°) and we complete the proof writing 



\\LhBh\\tr < \\Lh\\Hs\\Bh\\m < Ch (^vol [supp //,] ■ vol [supp 6^]] . A 
Instead of Proposition 6.1 it suffices to show 
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Proposition 6.3 Let I be as in Lemma 2.2 and I as in Lemma 2.4. IfTh is 
given by (6.6), then 

VOlTh =0(/i^o(4™o-l)/(2mo-l)-)_ (g_7) 

Indeed, since (6.3) ensures (5o(4mo — l)/(2mo — 1) > 1, it is obvious tliat (6.7) 
implies (6.5) and using Lemma 6.2 we obtain similarly (6.4). 

To begin the proof of Proposition 6.3 we introduce the following notation: 

/ dj = d^. if j eJ+^ {1, d} 
\dj^d^_. if J_ = {-l,...,-4- 

Let V G IR^'^ be such that Tank[d'^ao{v)) > 2. Then there exist j(l, v),j{2, v) e 
J — J+ U such that Vdj(^k,v)0'o{v) 7^ for /c e {1,2} and the angle 
^{'Vdj(^i^y)aQ{v),'Vdj(^2,v)0'o{v)) 7^ 0. Therefore we can find two linearly inde- 
pendent vectors ei^^, 62,^; G IR^*^ satisfying 

ek,v ■ ^dj(^k,v)ao{v) = 9k,v > 0, (6.8) 

e,,, ^{(0,OeIR2'': eelR"} (6.9) 
for k e {1, 2}. Since d>2 we can find 

ea,, e {(0,0 elR"": eem'} (6.10) 

such that the system {ek^y)ke{i,2,3} is linearly independent. 

Lemma 6.4 Let v G IR^"^ be such that Tank{d'^ao{v)) > 2 and let > Q 
be small enough. If Th is given by (2.20) and v e IR^'', then the Lebesgue 
measure of 

{seJR: sek,v + ve B{v, e^) nh} (6.11(A;)) 
can be estimated by C^h^'' , where 

Pi = P2 = So, P3 = 5o/(2mo - 1) (6.12) 

and the constant is independent of {h, v) e]0; ho] x IR^*^. 
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Let us check that Proposition 6.3 follows from Lemma 6.4. To begin we 
observe that (2.10) gives 

ao{v) - E\ < c + Ch^° 

and using Vh C suppl/i C Vh we can choose /lo > small enough to ensure 
Vh C C^°(c) for h g]0; Hq]. The family £s)}^g^ao(c) contains a finite 

covering of (c) and it suffices to show that for every v e (c) one has 

Yo\B{v, e^) n ffe < C^hP^+P^+P\ (6.13) 

The system {ek,v)ke{i,2,'i} can be completed to a basis (efc^f})fcG{i,...,2d} and let 
(e^^)fcg{i,...,2d} denote the dual basis in (IR^*^)*. Let {ek)ke{i,...,2d} denote the 
canonical basis of IR^'^ and let {ek)ke{i,...,2d} be its dual. Then the set (6.11(A;)) 
has the form 

el,{B{v,e,)r\Vu - v) = e*{W,{B{v,e,) nV^ -v)), 

where € Hom(lR^'^, IR^'^) is the matrix of the corresponding change of 
variables. The assertion of Lemma 6.4 allows us to estimate the measure of 

{s e IR : sck + ve W^{B{v, e^) n f;,) } (6.14) 

by C^hf'^ for {h,v) e]0; /iq] x hence the Fubini's theorem gives 

Yo\W^{B{y,e,ji)f}Vh) < Clh^'+P^+P' . (6.15) 

However vo\B{v,eij) n f/j = | detWy\~^YolW^{B{v, e^) fl Fh) and it is clear 
that (6.13) follows from (6.15). 

Proof of Lemma 6.4. To begin we observe that the set (6.11(k)) is included 
in the interval 

^k,v,v = {s e IR : sek,v + v e B{v, e^) }. (6.16) 
For fee {1, . . . , 2d} let Uk^v,v '■ ^k,v,v — » IR be defined by the formula 

Uk,v,vi^) = dj^k,v)aoisek,v + v). (6.17) 
By the definition of we find that the set (6.11(/c)) is included in 

{s e Ak,,,, : -Ch^'^ < Uk,,,,is) < Ch^'>}. (6.18(A;)) 
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We claim that using (6.8) we can ensure 

s e Ak,y,y £uk,v,v{s) > 9k,v/2, (6.19) 

for k e {1, 2} if £^ > is fixed small enough. It is clear that (6.19) implies 
the fact that (6.18(A;)) defines an interval of length smaller than 2Ch^°/9k,v- 
In order to prove (6.19) we observe that 

£uk,v,v{s) = ek,v ■Vdji^k,v)ao{sek,v + v), 
hence £uk,v,v{0) = 9k,v > 0. Moreover 

s e Ak,v,v =^ fuk,v,v{^) - £uk,v,v(0) < C\sek,v + v- v\''° < Csl' 
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and (6.19) follows if Ey is such that CeI° < 9k,v/2. 

To estimate the measure of (6.11(3)) we observe that (6.18(3)) holds if we 
take it3,^),^(s) = ez,v • Vao(se3,j; + v), which is polynomial of degree 2mo — 1 
due to (6.10) and the ellipticity hypothesis (1.9) ensures {j;Y^'^~^u^,v,v{s) = 
(^)^'""^^3.^'.f(0) > Co > 0. Thus to complete the proof of Lemma 6.4 it 
suffices to show 

Lemma 6.5 Let {Fi_j)^^ci be a family of polynomials of order m e INT and 

At = {selR: \FUs)\<iChf>}. 

If the m-th derivative satisfies \F^'>{f})\ > 1, then the Lebesgue measure of 
can be estimated by Cmh^°^^, where Cm is independent of uj eVL. 

Proof. We drop the index u and for k e {0, m} we set 

A'^ = {se]R: \F^''\s)\ < {ChY^}, 
where 5k = 5o{l — k/m). We can write Aq as the union of 

where jk G {1, -1}, A^^'^ = A^^ and A^^:"^ = IR \ A^ 

Since Sm — 0, the assumption |F("'^(0)| > 1 implies A^ = and for every 
{ji, ■■■,jm) £ {1, —1}"* we can find k e {1, ...,m} such that 
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However F'^^^ is a polynomial of order m — k, N^. is a union of at most m — k 
intervals and 

l<3<3<,k,h) 

where j{k, h) < 2(m — k) and A^^ are intervals such that 

s e A'^^j. ^ \F^^-^\s)\ < {Chf^-' and |FW(s)| > (C/i)^^ 
It is clear that the length of is less than 2{Chy''-^-^'^ = 2(C/i)'^o/"*. A 

7 Appendix 

Proof of Lemma 2.1. For a e IN"' we denote 'jf^{x) = {d"'-f){h-^°x)h-'^^° . 
Further on o; = a' + a" with \a"\ < 2 and dropping the indices u, v we write 

&'au{x) - 9"'+""a,(x) = / ^ a""a(|/)7;^'(a; - d?/. (7.1) 

If I a I < 2 then it is clear that S^a^ = 0(1) follows from (7.1) with a' = 0. 
Further on we assume |q;| > 3 and \ol'\ = 2. Then \a'\ > 1 ^ / 7^ {x—y)dy = 
and (7.1) still holds if 9" a{y) is replaced by 9" 0(7/) — 9" a(a;). Therefore 

|5"a,(a;)| < / |a""a(|/) - a""a(a;) | |7;^'(a: - 2/)|/i-^°l"'l < 

C [ |y-x|'^°|7^'(x-7/)|/i-^°l"'ldy = C/i('^°-l"'l)''° / |z|''°|7("')(z)| dz, 

(7.2) 

i.e. we obtain d^an = C>(/i('^o+2-l°l)'5o) and (2.5) follows. 
If |q;"| = 2 then we can estimate 

d'^'ahix) - a""a(x) = / (d'^'aiy) - a""a(x))7°(x - y) dy (7.3) 

by ©(/i*""^") similarly as the right hand side of (7.2) with a' = 0. 

In the next step we estimate (7.3) when \a"\ — 1. Since / y^{y) dy — 0, we 

can replace d°'"a{y) — d°'"a{x) by 

d'^'aiy) - a""a(x) - {y - x) ■ Vd''"a{x) (7.4) 
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in the right hand side of (7.3). We can express (7.4) as 

ds (y-x)- (V9""a(x + s(y - x)) - Vd^'aix)), (7.4') 

Jo 

hence its absolute value is 0{\y — x\^'^'^°) and 

\d^"ah{x) - d^"a{x)\ <C I \y- x\^^'-'\^l{x -y)\dy= Cr,h^'+'-'>^'\ 

At the beginning of Section 2 we assumed (2 + ro)5o > 1, hence it is easy to 
see that the proof of (2.6) will be complete if we show ah — a — 0{h^'^^^°^^°). 
However writing (7.3) with a" — and using / y°''j{y) dy — when 1 < 
\a\ < 2 we can replace a{y) — a{x) by 

E(2/-^)"^"«(^)/"! = 

|a|<2 

V (y - xr ds2(l - s) (d"a(x + siy - x)) - d^'aix^^/al. 

Since the last expression is 0{\y — a;p"'"''°), we obtain 

\an{x) - a{x)\ <C !\y- x\'^^^\^l{x - y)\ dy = Cl^'^^^^'^ 

The proof of the assertion b) is described in Appendix of [24] . 

Proof of Lemma 2.2. Due to (2.7) and the min-max principle, it suffices 
to show that (1.5) holds with J\f{P^,E) instead oiJ\f{Ah,E). We drop ± 
and we observe that it suffices to prove 

M{Ph, E) = {2nh)-''c% + 0{h-'')nT{h). (7.5) 

where c% = vo^t" e 'B?'^ : ph{v) < E}. Indeed, due to (2.6) one has 

14 - ce\ < yol{v e JR^'^ : \ao{v) - E\ < Ch} < Cen%''\h). 

Let g G C^i^E — c; E + c\), Ih = g^°Ph and Lh = lh{x, hD). Then reasoning 
as in Section 3 of [24] we find \ \g'^{Ph) — L/iHtr = 0(/i^~'^) and combining this 
estimate with (2.11) we have 

tr(/A^)(P.) = [ ,,Jhi9'm{PH{v)) +0{h-') E T^t'^^h) (7.6) 
JM yzna) i<?<2 
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if Z = [£"1; E2] C[E -c; E + c]. Next we observe that 

- Iz)(A)| < E fl + (7-7) 
holds for every A'^ e IN, hence reasoning as in Section 4 we obtain 

(2^^)"' L.(^'(A^ - 1^))°^'^ = ^(^"') E (7.8) 
Taking Z = \E'; E' + h\ ^\E - c\ E + we obtain 

{^-Khy [ Jg'ft' ^'^''^)opH = 0{h-')np^%h). (7.9) 

Indeed, due to (7.8) it suffices to observe that (7.9) holds if fl^ ' ^ is 
replaced by \E';E'+h]- As a consequence of (7.6) and (7.9) we find 

tr (//f ' ^'+'1)(P.) = 0{h-'')nf'''%h). (7.10) 

We assume moreover (7 > and (7 = 1 in a neighbourhood of E. Let ^ € 
Co°°(] - 00; E[) satisfy ^ + ^ 1 on [min{infp,„ inf (t(P/,)}; £]. Then 

4 = /^,, + j^j9'^\E-c; E])0PH, (7.11) 

A^(P,£;) =tr^(P^) + tr {g%E-c;E]){Ph). (7.12) 
However reasoning as in Section 3 of [24] we obtain 

tr^(P,) = {2nh)-^ [ gop^ + Oih'-'), (7.13) 

hence in order to obtain (7.5) it suffices to show 

tr igH[E-c;E]){Ph) = (27r/i)-<^ / Jg%E-c; E])oph +0{h-'')nT°{h) (7.14) 

and due to (7.6), (7.8), it is clear that (7.14) follows from 

tr {gVT'"'''^ - ilE-c;EMPk) = 0{h-')nT{h). (7.15) 
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To begin the proof of (7.15) we observe that modulo 0{h°°) we can estimate 
the left hand side of (7.15) by 

due to (7.7) and clearly the contribution of J2\k\>h-^/^ 0{}f^/'^~'^). 
Next we observe that 71 > allows us to find a constant Co > such that 
1.[E';E'+h\ < CqJI ' , hence the contribution of Z^|fe|</j-e/2 in the right 
hand side of (7.16) can be estimated by 

C sup tr(//i™^^+(^+^)'^])(P,)<C,/.-'^ sup nf^^^^M (7.17) 

|fe|<h-^/2 |fe|</l-^/2 

due to (7.10). It is clear that (7.17) can be estimated by 0{h-'^)n'f°{h). A 
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